Abstract. In this paper we find conditions on the existence of bounded linear
Introduction
Let D be the open unit disc in the complex plane C and dA(z) = ⊥ is defined by H φ f = (I − P )(φf ). The little Hankel operator S φ from L 2 a (D) into itself is defined as S φ f = P (J(φf )) where J :
is defined as Jf (z) = f (z). These operators [10] are all bounded.
Let L(H) denote the algebra of all bounded linear operators from the Hilbert space H into itself. Let LC(H) denote the ideal of compact operators in L(H). A bounded linear operator A ∈ L(H) is said to be positive if Ax, x ≥ 0 for all x ∈ H. The notation A ≥ 0 will mean that A is positive. We say A ≥ B when Ax, x ≥ Bx, x for all x ∈ H. 
The function T is called the Berezin transform
In the set of bounded Hermitian operators from a Hilbert space H into itself, various types of ordering by means of the cones of non-negative, positive definite and positive invertible operators can be defined. In this paper we investigate whether it is possible to compare the Berezin transform of non-negative Toeplitz and little Hankel operators. In section 2, we prove a few preliminary lemmas. In section 3, we show that if T φ is a positive Toeplitz operator on the Bergman space and S ψ is a self-adjoint little Hankel operator then there exist bounded
for all z ∈ D and for some constant β ≥ 0.
Preliminary lemmas
In this section we prove a few preliminary lemmas which will be used in proving the main results of the paper. 
where f is a unit vector. Then A is a rank one projection and every rank one projection takes this form. By the assumption, we have
Since f is arbitrary, we see that for every f ∈ L 2 a (D), there is a scalar λ f such that T φ f = λ f f . This implies that there exists a λ ∈ C such that φ ≡ λ.
Corollary 2.3. Suppose that T φ is invertible and S
Proof. We need only to observe that RangeS ψ = L 
. The lemma follows from [7] . 
The operator L is compact [10] as ψ ∈ C(D) and S ψ is a contraction as ψ ∞ ≤ 1. Further,
This is so since
φ , and hence it follows that S ψ + is an isometry on RangeT φ and T φ commutes with S ψ (and so also with
Non-negative Toeplitz operators
In this section we show that if
can be expressed as a linear combination of Bergman kernels and some of its derivative then there exist bounded linear operators
is a finite set of points in D, c jγ = 0 for all j, γ and m j is the number of times b j appears in b.
Proof. From [5] it follows that S ψ is a finite rank operator on L 2 a (D) and therefore S * ψ S ψ is a finite rank operator and Range S *
This is so as
We first claim that 0 is in the WOT-closure of M . To show this suppose 0 is not in the WOT-closure of M . Then there is a WOT-neighborhood
of 0 (for some > 0) which does not intersect M where f 1 , . . . , f n , g 1 , . . . , g n ∈ L 2 a (D). Let K be the linear span of g 1 , g 2 , . . . , g n . From (3.1), it follows that there exists λ > 0 such that dim
If f (z) = ∞ n=0 a n z n is holomorphic on D, a simple calculation shows that
Consequently, f ∈ L 2 a (D) if and only if the last expression is finite. The scalar product of f (z) = ∞ n=0 a n z n and g(z) =
The truncation projections on L 2 a (D) will be denoted by P n , 0 ≤ n < ∞, and it is defined by P n f = P n (a 0 , a 1 , a 2 , · · · , a n , a n+1 , · · · ) = (a 0 , a 1 , · · · , a n , 0, 0, · · · ). 
φ A is a hyponormal operator. (v): Let T φ be invertible and E be a nonzero projection and λ ∈ R, λ > 0 such that ET φ E = λE and ET
Then RangeE is a subspace of the eigenspace of T φ corresponding to the eigenvalue λ. (vi): If T φ is invertible and
Proof. We shall assume first that T φ is one-one. For λ > 0, let E λ be the spectral measure of the interval [λ, ∞). Since T φ is one-one and non-negative, hence E λ −→ I, the identity operator, in the strong operator topology. Thus there
and dim(RangeE λ ) ≥ 2 dim(RangeP n ). Also the spectral measure E λ satisfies
for all f ∈ RangeE λ , From [9] , it follows that RangeT φ is infinite dimensional. Thus there exists an unitary operator U on RangeE λ such that
where α > 0 is chosen in such a way that A * T φ A ≥ T φ . We shall now verify that such α exists. Since T φ commutes with E λ we have
On the other hand,
Hence the only condition which has to be satisfied by α is
The condition is satisfied by sufficiently large α because of (3.2) and because
Let f = g = 1. We have
To prove the general case, let 
It remains to show that P n AP n ≤ . Since Q and Q 1 are self-adjoint we have
This proves (i). We shall now prove (ii). By applying Schwarz inequality [1] to the positive semi-definite form
Repeating the process n times, we have A
. .} is an increasing sequence of positive operators. This sequence is bounded, since A * is power bounded. Therefore, it converges to a positive operator on L 2 a (D), say B, in the strong operator topology. Notice that
From the operator inequality
By letting n tend to ∞, we have B ≤ (A * B+BA) 2 = Re(A * B). Thus B = A * B. Since T φ ≤ B, it follows that the range of T φ is contained in the range of B, and hence [6] , we have T φ = A * T φ = K. To prove (iv) suppose A ≤ 1 and
φ A is a hyponormal operator. To prove (v), we can assume without loss of generality that λ = 1. Let h be any unit vector from the range of E. Multiplying the equations ET φ E = E and ET 
Insert f = T φ h and g = h. As h is a unit vector, we see that there is equality in the corresponding inequality
φ h, h . This gives us that T φ h is a nonzero scalar multiple of h. It is clear that this scalar is necessarily 1. So we have T φ h = h for any unit vector h from the range of E. This proves our claim. The proof of (vi) follows from Lemma 2.2. To prove (vii), observe that S * ψ = S ψ + where ψ + (z) = ψ(z). From Lemma 2.5, it follows that
φ S ψ is a hyponormal operator. 
Proof. We take an index set I for the set of all pairs n = (P n , ) where P n is the finite dimensional projection on
is not difficult to see that each n ∈ I defines a WOT-neighbourhood U n of 0. It is also clear that in this way we obtain a basis of the weak operator topology neighbourhoods of 0. Furthermore notice that for each n , we have A m ∈ U n for all m > n . Hence A n −→ 0 in the weak operator topology.
Berezin transform of positive Toeplitz operators
In this section we show that if T φ is a non-negative Toeplitz operator in
for all z ∈ D and for some constant α ≥ 0. Here φ is the Berezin transform of T φ and R 1 is the Berezin transform of R 1 .
Let H and K be Hilbert spaces and let T ∈ L(H, K). A maximizing vector for T is a non-zero vector x ∈ H such that T x = T x . Thus a maximizing vector for T is one at which T attains its norm. On a Banach space, even rank one operators need not have maximizing vectors [8] . The operator (Hx)(t) = tx(t), 0 < t < 1, is bounded on L 2 (0, 1) but has no maximizing vector. However, compact operators on Hilbert spaces do have maximizing vectors [8] . T φ g, g = sup{ T φ g, g : g = 1, g ∈ (ker T φ ) ⊥ }.
Hence there exists a unit vector h ∈ (ker T φ ) ⊥ such that T φ − 2 ≤ T φ h, h .
Define R k = k, h h = (h ⊗ h)k. Then R is a non-negative operator of rank one and R = . Moreover,
Now T φ + R is non-negative, and so T φ + R lies in the spectrum of T φ + R . Since R is compact, Weyl's theorem implies essential spectrum of T φ +R is equal to the essential spectrum of T φ . But the spectrum of T φ is bounded by T φ and hence T φ + R must lie in the discrete spectrum of T φ + R . In other words, there exists a unit vector f ∈ L 2 a (D) such that (T φ + R )f = T φ + R f . Finally, we can assume without loss of generality that f ∈ (ker T φ )
⊥ . This is so, since L 2 a (D) = ker T φ ⊕ (ker T φ )
⊥ and if f = f 1 + f 2 , f 1 ∈ ker T φ , f 2 ∈ (ker T φ ) ⊥ then (T φ + R )f 1 = f 1 , h h = 0.
